In a previous work, we reported exact results of energies of the ground state in the fractional quantum Hall effect (FQHE) regime for systems with up to N e = 6 electrons at the filling factor ν = 1/3 by using the method of complex polar coordinates. In this work, we display interesting computational details of the previous calculation and extend the calculation to N e = 7 electrons at ν = 1/3. Moreover, similar exact results are derived at the filling ν = 1/5 for systems with up to N e = 6 electrons. The results that we obtained by analytical calculation are in good agreement with their analogues ones derived by the method of Monte Carlo in a precedent work.
Introduction
The discovery of the fractional quantum Hall effect (FQHE) [1] was the beginning of a big revolution in the field of condensed matter. Since then, new concepts of matter state have been raised such as the incompressible quantum fluid [2] , composite fermions [3] [4] [5] [6] , composite bosons [7] and anyons [8, 9] , all emanating from elegant theories with sophisticated mathematics. Nowadays, there are two world wide accepted theories in the field of FQHE, the theory of Laughlin [2] and the theory of Jain [3] [4] [5] [6] . The former describes the ground state as an incompressible quantum fluid which successfully clarified the nature of states at the filling factors ν = 1/3, 1/5, 1/7, . . . . The latter (theory) is built upon the concept of composite fermions that are topological entities caricaturing the idea of electrons embracing a number (even) of quantized vortices and gives satisfactory results regarding the ν = p/(2mp + 1) states, integer m and p.
In Laughlin theory, the incompressible quantum fluid consists of strongly correlated electrons interacting with a strong magnetic field whereas in Jain theory it consists of weakly correlated composite fermions interacting with a reduced magnetic field. The aim of determining ground state energies for FQHE electron systems has been the object of many investigations with various computational methods such as exact diagonalization [10] [11] [12] [13] [14] , density matrix renormalization group [15] or Monte Carlo simulations [16] [17] [18] . However, it is worth notifying that at the level of quasiparticle state, certain discrepancy is observed between the results of [19] using spherical geometry and the results of [20] using disk geometry, while the authors of [20] have found the reason of the discrepancy to be unclear. Also, all these methods are numerical and one may wonder whether it is possible to perform analytical methods that would serve as reliable comparison instruments even for small systems of electrons. The most pronounced analytical method in this line of research was given by the author of [21] , where ordinary polar coordinates (including ordinary Jacobi coordinates) are employed but technical calculational difficulties arise for systems with N e > 4 electrons, and one can see an explicit dependence of the integrands upon the angles of the particles (see equation (21) in [21] ). This apparent difficulty can be overcome by using complex polar coordinates, being the main contribution of [22] . By the way, it should be notified that ordinary polar coordinates are also used in the original paper by Laughlin [2] within a Monte Carlo study. Regarding the work [22] , we developed an analytical method based on complex polar coordinates and explicitly calculated the energies of the ground state in the FQHE regime for systems with up to six electrons at the filling ν = 1/3. The use of polar coordinates in a complex form has been the key tool which greatly simplifies the calculation of some complicated expressions involving integrals over many variables in [22] . The aim of this work is to show all the necessary computational steps and details underlying the analytical method of [22] so as to make its application possible in other areas of condensed matter physics, especially in 2D Coulomb systems such as 2D Dyson gas wherein expressions involving integrals over many variables are encountered such as the partition function or the mean energy. Thus, we obtain new exact analytical results concerning the energy of the ground state for systems with N e = 7 electrons at the filling ν = 1/3, and N e = 5, 6 electrons at the filling ν = 1/5.
The paper is organized as follows. In section 2, the theoretical background is presented. In section 3, the electron-electron interaction energy is calculated. In section 4, the method of computation of the electron-background interaction energy is shown. In section 5, we give the results of our calculus. Section 6 is devoted to the conclusion.
Theoretical background
We consider N e (> 2) electrons of charge (−e 0 ) embedded in a uniform neutralizing background disk of positive charge N e e 0 and area S N e = πR 2 N e , R N e is the radius of the disk. We also assume that the disk is a part of the X Y plane subjected to a strong uniform magnetic field, in the z direction, B = B e z . The physics of the FQH fluid is then governed by a full interaction potential
with V ee ,V eb and V bb denoting the electron-electron, electron-background and the background-background interaction potentials, respectively. Their corresponding expressions are given by
and classically calculated without using the wave function of the electron system. Its value is simply determined by calculating the elementary defined integral (2.4) and is given by [21] V bb = 8e 2 0 3π N e R N e (2. 6) with R N e = 2N e m l 0 . It remains to calculate the energies corresponding to the electron-electron and the electron-background potentials which depend on the nature of the wave function characterizing the system of electron.
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For a given wave function Ψ(r 1 , r 2 , . . . , r N e ), these energies are determined using the following formu-
〈V eb 〉 = 〈Ψ|V eb |Ψ〉 〈Ψ|Ψ〉 .
(2.8)
In an explicit manner, we have
(2.9) 12) where J n (x) are n-th order Bessel functions.
However, as shown in [22] , the best way of making numerous simplifications in subsequent calculations amounts to replacing real polar coordinates by complex polar coordinates. Thus, let us apply the
..,N to localize the electrons.
The 〈V ee 〉 calculation
Now, for a demonstrative calculation, we will focus on the case of N e = 4 electrons and m = 3. Let Ψ be the wave function of Laughlin for N e = 4 electrons and m = 3
where P (4) is the Jastrow part of the wave function that is given by
In complex coordinates, the expressions of equation (2.9) and equation (2.11) transform into
Now, we should perform a Jacobi transformation with complex coordinates instead of real coordinates [22] so as to get rid of the term | z 1 −z 2 | in the denominator of the integrand of the expression (3.3), which is done using the following:
(3.8)
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Then, the inter-particle coordinates (z i − z j ) can be written in terms of Jacobi coordinates as follows:
(3.14)
Now, to write P (4) in terms of the Z i Jacobi coordinates, we just recast (3.14) into (3.2), then there holds the polynomial
Similarly, the wave function becomes
It is possible to develop (3.15) in terms of Z n 1 , where n belongs to the set {3, 5, . . . , 15} for the case of N e = 4
electrons, thus we have
where C n are functions of the only variables Z 2 and Z 3 that can be extracted from (3.15) by the use of
wherein the integration is determined with the help of the key rule [25] d 2 Z Z mZ n e −ZZ = π δ mn Γ(1 + n). (3.19) In computing | Ψ(Z 1 , . . . , Z 3 ) | 2 , we will encounter the expression P J (4)P J (4), whereP J is the complex conjugate of P J , by requiring to satisfy the rule (3.19), there only remain the terms with the same power in Z i andZ i . Thus, the integrand of equation (3.3) has no dependence on the angles. This independence upon the angles is the key tool that greatly facilitates the exact calculation of complicated expressions involving integrals over many variables (see the work [22] ). This is the most prominent advantage of the method of complex coordinates. For instance, the integral (3.3) can be reduced to a simple form
with the factor F n given by 
The 〈V eb 〉 calculation
In the case of 〈V eb 〉 calculation, there is no need to use Jacobi coordinates, it suffices to work with the polynomial P (4) of equation (3.3) directly. So, let us expand P (4) in powers of z 1 , that is
where n = 0 (n = 9) denotes the minimum (maximum) power in z 1 , the wave function is, therefore, written as follows:
Furthermore, it is possible to write 〈Ψ|V eb |Ψ〉 like .
As concerns the norm 〈Ψ|Ψ〉, in the z-coordinates, it will take the following form
As in the case of V ee calculation, the electron-background interaction energy is determined using
which gives the value E eb = −5.638272(e 2 0 /l 0 ) as in the work [21] . The dependence in angles is simplified when dividing the quantity 〈Ψ|V eb |Ψ〉 by 〈Ψ|Ψ〉. This is because the result of the integration upon the angle variables is the same for both quantities and is equal to (2π) 4 .
33702-5

Results and discussion
In this paragraph, we present our results concerning the ground state energy for systems with up to N e = 7 electrons at the filling ν = 1/3 and N e = 6 electrons at the filling ν = 1/5. We also make a comparison with other works such as [17, 21, 27] . Our analysis is summarized in the tables blow. It should be notified that for N e = 4 electrons, the authors in [17] and with Monte Carlo calculations, have derived for the energy of the ground state the value −1.55536 e 2 0 /l 0 at the filling ν = 1/3 and the value −1.28636 e 2 0 /l 0 at the filling ν = 1/5, which well agree with the values we derived by the exact analytical calculation, see table 1 and table 2. Table 3 allows us to compare our results concerning the (e-b) and (e-e) interaction energies with those derived in [27] at the filling ν = 1/5.
In tables 1 and 2, our results regarding the energy of the ground state are given in the fifth column whereas in the sixth column there are given those of [21] and [27] , respectively. At this point, it should be emphasized that in table 1, table 2 and table 3 , the comparison is carried out between analytical methods depending on whether ordinary or complex polar coordinates are used. Moreover, this presentation of tables allows one to clearly show the advantage of using polar coordinates in the complex form. In figure 1 , we can see that the results derived by the present exact analytical calculation at the filling ν = 1/5 compare well with the results of [17] obtained using the method of Monte Carlo.
Concluding remarks
In this work we have exposed all the necessary steps that permit to make an analytic computation of the energies of the ground state for FQHE systems of electrons at ν = 1/m, m odd. The electronelectron and electron-background interaction energies are calculated separately. The results we derived are in perfect accordance with previous calculations such as the exact analytical calculation of [21, 27] or Monte Carlo simulations of [17] . In a broader view, the method of complex polar coordinates described in [22] may be useful and efficient in analytically calculating the ground state or excited state energies for various quantum Hall systems of electrons with filling factors other than ν = 1/m, m odd, such as (ν = 2/5, 3/7, . . .). We expect that the method of complex polar coordinates has some relevance to 2D Coulomb systems. For instance, it can be seen, for 2D Dyson gas, that the method of complex coordinates may be useful and practical in analytically evaluating, with many simplifications, the key quantities such as the partition function or the mean energy. The issue of finding links for the approach described in [22] with other areas of condensed matter physics remains to be extensively investigated. The calculation can be extended to larger systems with N e > 7 electrons depending on the performance of the machine. This will make it possible to derive exact analytical bulk regime values for key quantities, such as various interaction energies. A part of the code [28] of the electron-electron interaction energy computation V ee is given in the Appendix.
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